Abstract. We test on the 2+1 dimensional black hole the quantization method that we have previously proposed in four dimensions. While in the latter case the horizon dynamics is described, at the effective level, by the action of a relativistic membrane, in the 2+1 case it is described by a string. We show that this approach reproduces the correct value of the temperature and entropy of the 2+1 dimensional black hole, and we write down the Schroedinger equation satisfied by the horizon wave function.
In refs. [1, 2] we have proposed an approach for a quantum description of black holes. The starting point is the idea that, from the point of view of an observer external to the horizon and static with respect to it, only the degrees of freedom outside the horizon should enter as integration variables in the path integral. This apparently simple requirement is actually a very complicated and non-linear condition, since the position of the horizon is determined by the metric itself: when the metric fluctuates, the horizon fluctuates and the number of variables g µν (x) which we would like to include as integration variables in the path integral changes. This non-linearity, however, becomes tractable using a renormalization group (RG) approach in the spirit of Wilson [3] : we first introduce a fixed spherical surface located at r = r + + ǫ, where r + is the radius of the classical horizon and ǫ is larger than the typical quantum fluctuations of the horizon, i.e., a few Planck lengths. If r > r + +ǫ the corresponding variables g µν are inserted as integration variables in the path integral. In the small shell between the fluctuating horizon and the mathematical surface located at r = r + + ǫ, instead, we decompose the integration variables into "collective coordinates" ζ µ describing the location of the horizon, plus "fast variables", which are integrated over. As discussed in [2] , the partition function can therefore be written, neglecting the quantum fluctuations outside the shell r = r + ǫ, as
where I grav is the gravitational action including the boundary term at r = r + +ǫ (which can be thought of as generated by the RG procedure), and I coll is the effective action of the collective coordinates ζ µ ; it is obtained integrating over the fast variables, and its general form is fixed by reparametrization invariance. In the 3+1 case the simplest term which can arise is just the action of a relativistic bosonic membrane.
Taking eq. (1) as our basic starting point, we are ready to compute a number of quantities. To discuss thermal physics, we restrict the path integral in eq. (1) to configurations periodic in time, with period β ∞ . (We reserve the notation β for the inverse of the local, blue-shifted temperature, see below.) We have found that, in 3+1 dimensions, there are periodic solutions of the classical equations of motion of the Euclidean membrane action. The inverse of the period of these configurations gives the temperature at infinity of the physical system. In Rindler space, denoting the acceleration by g, we have recovered in this way the Unruh temperature T = g/(2π), while for Schwarzschild black holes (with mass M above a critical value) we have recovered the Hawking temperature, T = 1/(8πM). The fact that this approach reproduces the correct value of the temperature is by no means trivial. The derivation of these results is independent from the other ones existing in the literature, as can also be seen from the fact that, for black hole masses below a critical value, the approach actually gives a different prediction for the temperature! This latter result, togheter with some appropriate qualifications, is discussed in [2] . In this paper we limit ourselves to the large mass region, which is conceptually safer.
Having fixed β ∞ , one can evaluate the partition function, and hence the free energy and the entropy. The leading term is given by the gravitational action in eq. (1), and, for Schwarzschild black holes in 3+1 dimensions, we have recovered the S = area/4 relation. Finally, we can discuss the quantization of the action I coll and, restricting ourselves to radial modes only, it is possible to derive a Schroedinger equation for the wave function of the horizon, and to display its solution explicitly [1] .
This approach to quantum black holes is, in our opinion, a concrete realization of general ideas proposed especially in refs. [4, 5] . However, because of the coarse graining over "fast variables", it also has the limitations and the virtues of every effective Lagrangian description: on the one hand, we cannot discuss the fundamental problem of what happens at distances from the horizon on the order of one Planck length, since we have performed, via the renormalization group, a coarse graining over these scales. In order to discuss short distances (and the related information loss paradox) the fundamental theory is needed. On the other hand, as far as larger scales are concerned, all the ignorance about short distance physics is absorbed into a few parameters, like the membrane tension, entering the action for the collective coordinates. Furthermore, parameters like the membrane tension do not enter in the determination of the temperature nor, to lowest order, of the entropy. They enter, instead, in the computation of the (divergent) loop corrections to the entropy.
In order to examine the validity of the approach that we are proposing, it is useful to discuss its predictions in various physical situations. As we have mentioned, in 3+1 dimensions the results are encouraging: the temperature and the entropy of black holes are correctly reproduced. The purpose of this Letter is to test our approach in the "theoretical laboratory" given by the 2+1 dimensional black hole solution discovered by Bañados, Teitelboim and Zanelli (BTZ) [6] . In spite of the many differences between three-dimensional and four-dimensional gravity, the BTZ black hole has remarkable similarities with its four-dimensional analog, and a number of investigations of its geometrical and thermodynamical properties have appeared recently, see e.g. [6] [7] [8] [9] and references therein. One considers the theory defined by the action
where l is related to the cosmological constant Λ by Λ = −l −2 < 0 and B is the boundary term. Writing the metric in the ADM form (and setting to zero the shift functions
, the boundary term is given by
where (2) g = det g ij . Hereafter, following [6] , we will use units G = 1/8. The BTZ black hole, limiting ourselves to zero angular momentum, is given by
where r + = l √ M . In this case the collective coordinates ζ µ depends on two variables ξ i = (τ, σ) (we will later fix the gauge σ = θ) and the collective action is just the action of a closed relativistic bosonic string in 2 + 1 dimensions (plus higher order terms generated by the RG procedure, which we neglect),
Here T is the string tension, h is the determinant of the induced metric
gives the embedding of the string in 2+1 dimensional space-time and ∂ i = ∂/(∂ξ i ); g µν is the target space metric, eq. (4). We can now compute the temperature and entropy of the black hole in our approach. The analysis closely parallels the 3 + 1 case, so we only sketch the main points, referring the reader to refs. [1, 2] for more detailed explanations.
Using the radial ansatz r = r(τ ) and the gauge fixing x (0) = τ, θ = σ, the equation of motion reads, before rotating to Euclidean space,
where α ′ = dα/dr. Integrating, we getṙ 2 = α 2 −Cr 2 α 3 , with C an integration constant. This is very similar to the 3+1 case, and the qualitative features of the motion are the same. The circular string, depending on the initial conditions, can either expand and then contract, or it contracts immediately, and approaches the nominal horizon asymptotically. The equation of motion can be integrated exactly.
With the initial conditions z(0) = ar + ,ż(0) = 0, where a is a dimensionless parameter, the exact solution is
Here Π(ψ, α 2 , k) is the elliptic integral of the third kind, and sin
). The typical fluctuations of the horizon are on the order of a few Planck length, so that, as far as the dependence on the black hole mass M is concerned, z(0) ∼ 1 and therefore a ∼ M −1/2 (while in 3 + 1 we got a ∼ M −1 ). Thus, for large black hole masses, the amplitude is small and we can neglect the non-linear terms in eq. (7), which becomes zz − 2ż 2 + g 2 z 2 ≃ 0. This is the same equation that we found in [1, 2] ; after rotation to Euclidean space, τ → iτ , it has a periodic solution with period β ∞ = 2π/g and therefore the temperature is
which agrees with the result found in ref. [6] .
Having fixed β ∞ , we can compute the entropy of the black hole, evaluating the partition function Z, and therefore the free energy. The leading term is given by the gravitational action, while the string action gives the loop corrections. The volume term in I grav just contributes to the zero point of the free energy, so the only non trivial contribution comes from the boundary term evaluated on the surface r = r + +ǫ. To compute the entropy S we follow the method suggested by York [10] : we define the local inverse temperature β = β ∞ α 1/2 and we compute the boundary term on a spherical surface with a generic radius r. Considering M as a function of β and r defined implicitly by β = β ∞ α 1/2 , we find B = B(β, r), and the entropy is given by
A simple computation gives
and therefore
in agreement with ref. [6] . 1 Note that the result for S is independent of r, the radius of the surface on which the boundary term is computed. Thus, the dependence on the exact position of the surface used in the RG procedure disappears.
We conclude that our approach reproduces correctly the thermodynamical properties of the BTZ black hole.
Finally, we discuss the quantization of the black hole horizon along the lines of ref. [1] , i.e. limiting ourselves to a minisuperspace approximation in which only spherical membranes, r = r(τ ), are considered. The effective lagrangian for the radial mode is obtained inserting r = r(τ ), togheter with the gauge fixing x (0) = τ, θ = σ, into the membrane action. The result is
The equation of motion of this lagrangian is just eq. (6). We introduce the tortoise coordinate r * , defined by dr * = dr/α, or r * = l 2 2r + log r − r + r + r + .
As r ranges between r + and ∞, r * ranges between −∞ and zero. The relation between r * and r can be inverted analytically, and gives r = −r + coth(r + r * /l 2 ) .
Defining the momentum conjugate to r * , p * = δL/(δṙ * ), we get the Hamiltonian H = p * ṙ * − L = p 2 * + (2πT ) 2 r 2 α ,
and then the Schroedinger equation for the wave function of the horizon,
where x = r + r * /l 2 ranges between −∞ and zero, µ = 2πT r + l, and ε is related to the excitation energy of the membrane E by ε = l 4 E 2 /r 2 + . The qualitative features of this Schroedinger equation are absolutely identical to the 3+1 case, and we refer the reader to ref. [1] for a discussion of its physical meaning.
